Extended supersymmetric σ-model is given, standing on the SO(2N+1) Lie algebra of fermion operators composed of annihilation-creation operators and pair operators. Canonical transformation, the extension of the SO(2N ) Bogoliubov transformation to the SO(2N + 1) group, is introduced. Embedding the SO(2N + 1) group into an SO(2N +2) group and using U (N+1) coset space. To our great surprise, the Killing potential is equivalent with the generalized density matrix. Its diagonal-block matrix is related to a reduced scalar potential with a Fayet-Ilipoulos term. The reduced scalar potential is optimized in order to see the behaviour of the vacuum expectation value of the σ-model fields and a proper solution for one of the SO(2N + 1) group parameters is obtained. We give bosonization of the SO(2N+2) Lie operators, vacuum functions and differential forms for their bosons expressed in terms of the SO(2N +2) U (N +1) coset variables, a U (1) phase and the corresponding Kähler potential. * A preliminary version of this work has been presented by S. Nishiyama at the YITP workshop YITP-W-07-05 on String Theory and Quantum Field Theory held at Kinki
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U (N+1) coset space. To our great surprise, the Killing potential is equivalent with the generalized density matrix. Its diagonal-block matrix is related to a reduced scalar potential with a Fayet-Ilipoulos term. The reduced scalar potential is optimized in order to see the behaviour of the vacuum expectation value of the σ-model fields and a proper solution for one of the SO(2N + 1) group parameters is obtained. We give bosonization of the SO(2N+2) Lie operators, vacuum functions and differential forms for their bosons expressed in terms of the SO(2N +2) U (N +1) coset variables, a U (1) phase and the corresponding Kähler potential.
Introduction
The supersymmetric extension of nonlinear models was first given by Zumino under the introduction of scalar fields taking values in a complex Kähler manifold [1] . The higher dimensional nonlinear σ-models defined on symmetric spaces and on hyper Kähler manifolds have been itensively studied in various contexts in modern versions of elementary particle physics, superstring theory and supergravity theory [2, 3, 4, 5] .
In nuclear and condensed matter physics, the time dependent Hartree-Bogoliubov (TDHB) theory [6, 7] has been regarded as the standard approximation in the many-body theoretical descriptions of superconducting fermion systems [8, 9] . In the TDHB an HB wavefunction (WF) for such systems represents Bose condensate states of fermion pairs. It is a good approximation for the ground state of the system with a short-range pairing interaction that produces a spontaneous Bose condensation of the fermion pairs. Number-nonconservation of the HB WF is a consequence of the spontaneous Bose condensation of fermion pairs. Standing on the Lie-algebraic viewpoint, the pair operators of fermion with N indices form the SO(2N) Lie algebra and accompany the U(N) Lie algebra as a sub-algebra. SO(2N)(= g) and U(N)(= h) denote the special orthogonal group of 2N dimensions and the unitary group of N dimensions, respectively. One can give an integral representation of a state vector on the group g, the exact coherent state representation (CS rep) of a fermion system [10] . It makes possible global approach to the above problem. The canonical transformation of the fermion operators generated by the Lie operators in the SO(2N) Lie algebra induces the well-known generalized Bogoliubov transformation for the fermions. The TDHB equation has been derived from the Euler-Lagrange equation of motion (EOM) for the coset variables by one of the present authors (SN) [11] . The TDHB theory is, however, applicable only to even fermion systems. For odd fermion systems we have no TD self-consistent field (SCF) theory with the same level of the mean field (MF) approximation as the TDHB.
van Holten et al. have discussed a procedure for consistent coupling of gauge-and matter superfields to supersymmetric σ-models on the Kähler coset spaces. They have presented a way of constructing the Killing potentials and have applied their method to the explcit construction of supersymmetric σ-models on the coset spaces
SO(2N ) U (N )
. They have shown that only a finite number of the coset models can be consistent when coupled to matter superfields with U(N) quantum numbers reflecting spinorial representations of SO(2N) and non-compact Kähler manifolds, applying their technique of the gauge theory formulation of supersymmetric nonlinear σ-models on the hermitian symmetric spaces [3] . Preceding these works, Deldug and Valent have investigated the Kählerian σ-models in two-dimensional space-time at the classical quantum level. They have presented a unified treatment of the models based on irreducible hermitian symmetric spaces corresponding to the coset spaces G H [12] . van Holten has also discussed the construction of σ-models on compact and non-compact Grassmannian manifolds,
One of the most challenging problems in the current studies of nuclear physics is to give a theory suitable for description of collective motions with large amplitudes in both even and odd soft nuclei with strong collective correlations. For providing the general microscopic means for a unified self-consistent description for Bose and Fermi type collective excitations in such fermion systems, Fukutome, Yamamura and one of the present authors (SN) have proposed a new fermion many-body theory basing on the SO(2N +1) Lie algebra of fermion operators [14] . The set of the fermion operators composed of creation-annihilation and pair operators forms a larger Lie algebra, the Lie algebra of the SO(2N+1) group. A representation of an SO(2N+1) group has been derived by a group extension of the SO(2N) Bogoliubov transformation for fermions to a new canonical transformation group. The fermion Lie operators, when operated onto the integral representation of the SO(2N+1) WF, are mapped into the regular representation of the SO(2N +1) group and are represented by boson operators. The boson images of the fermion Lie operators are expressed by closed first order differential forms. The creation-annihilation operators themselves as well as the pair operators are given by the Schwinger-type boson representation as a natural consequence [15, 16] .
Along the same way as the above, we give an extended supersymmetric σ-model on Kähler coset space
, basing on the SO(2N + 1) Lie algebra of the fermion operators.
Embedding the SO(2N + 1) group into an SO(2N + 2) group and using the SO(2N+2) U (N+1) coset variables [17] , we investigate a new aspect of the supersymmetric σ-model on the Kähler manifold of the symmetric space
. We construct a Killing potential which is just the extension of the Killing potential in the
coset space given by van Holten et al. [2] to that in the
coset space. To our great surprise, the Killing potential is equivalent with the generalized density matrix. Its diagonal-block part is related to a reduced scalar potential with a Fayet-Ilipoulos term. The reduced scalar potential is optimized in order to see the behaviour of the vacuum expectation value of the σ-model fields. We get, however, a too simple solution. The optimiztion of the reduced scalar potential plays an important role to evaluate the criteria for supersymmetry-breaking and internal symmetry-breaking. To find a proper solution for the extended supersymmetryic σ-mdoel, after rescaling Goldstone fields by a mass parameter, minimization of the deformed reduced scalar potential is also made.
Previously, using the above embedding we have developed an extended TDHB (ETDHB) theory, in which paired and unpaired modes are treated on the same footing [14, 11] . The ETDHB applicable to both even and odd fermion systems is a TDSCF with the same level of MF approximation as the usual TDHB for even fermion systems [9] . The ETDHB equation is derived from a classical Euler-Lagrange EOM for the
coset variables. In sect. 2, we recapitulate briefly an induced representation of an SO(2N +1) canonical transformation group. In sect. 3, an embedding of the SO(2N+1) group into an SO(2N+2) group is made and introduction of
coset variables is also made. In sect. 4, we give an extended supersymmetric σ-model on the coset space
based on the SO(2N +1) Lie algebra of the fermion operators and study a new aspect of the extended supersymmetric σ-model on the Kähler manifold, the symmetric space
. In sect. 5, the expressions for Killing potentials in that coset space are given and their equivalence with the generalized density matrix is proved and then a reduced scalar potential is derived. Finally, in sect. 6, we give discussions on the optimized scalar potential and concluding remarks. In Appendix, we give a bosonization of the SO(2N+2) Lie operators, vacuum functions and differential forms for their bosons expressed in terms of the corresponding Kähler potential, the
coset variables and a U(1) phase and make a brief sketch of derivation of the ETDHB equation from the Euler-Lagrange EOM for those coset variables in the TDSCF. Throughout this paper, we use the summation convention over repeated indices unless there is the danger of misunderstanding.
It is well known that the set of fermion operators (2.2) form an SO(2N + 1) Lie algebra. As a consequence of the anti-commutation relation (2.1), the commutation relations for the fermion operators (2.2) in the SO(2N + 1) Lie algebra are
We omit the commutation relations obtained by hermitian conjugation of (2.4) and (2.5).
The SO(2N + 1) Lie algebra of the fermion operators contains the U(N)(= {E α β }) and the SO(2N)(= {E α β , E αβ , E αβ }) Lie algebras of the pair operators as sub-algebras. An SO(2N) canonical transformation U(g) is generated by the fermion SO(2N) Lie operators. The U(g) is the generalized Bogoliubov transformation [7] specified by an SO(2N) matrix g U(g)(c, c
where (c, c † ) is the 2N-dimensional row vector ((c α ), (c † α )) and a = (a α β ) and b = (b αβ ) are N ×N matrices. The bar denotes the complex conjugation. The HB (SO(2N)) WF | g > is generated as | g > = U(g)| 0 > where | 0 > is the vacuum satisfying c α | 0 > = 0. The matrix g is composed of the matrices a and b satisfying the ortho-normalization condition. The | g > is expressed as
10)
where det means determinant and the symbol T denotes the transposition.
The canonical anti-commutation relation gives us not only the above Lie algebras but also the other three algebras. Let n be the fermion number operator n = c From (2.6), (2.14) and (2.15) and the commutability of U(g) with (−1) n , we obtain 16) where
,
By using the relation U(G)(c, c † ,
n and the third column equation of (2.16), Eq. (2.16) can be written as 20) where (c, c † ,
) and A = (A α β ) and B = (B αβ ) are N×N matrices. The U(G) is a nonlinear transformation with a q-number gauge factor z − ρ where ρ = x α c † α −x α c α and [14] . The matrix G is a matrix belonging to the SO(2N + 1) group. It can be transformed to a real (2N + 1)-dimensional orthogonal matrix by the transformation
Embedding into an SO(2N+2) group
Following Fukutome [18] , we define the projection operators P + and P − onto the sub-spaces of even and odd fermion numbers, respectively, by
and define the following operators with the supurious index 0:
The annihilation-creation operators can be expressed in terms of the operators (3.2) as
We introduce the indices p, q, · · · running over N +1 values 0, 1, · · · , N. Then the operators of (2.2) and (3.2) can be denoted in a unified manner as E p q , E pq and E pq . They satisfy
The above commutation relations in (3.4) are of the same form as (2.3) and (2.4). Instead of (3.2), it is possible to employ the operators
The Lie algebraŨ (N + 1) is a U(N + 1) Lie algebra but it is not unitarily equivalent to U(N + 1). Two Clifford algebras C 2N and C 2N +1 can be constructed from the fermion operators:
These operators satisfy
are the Clifford algebras of 2N and 2N + 1 dimensions, respectively [19, 20] . They provide the bases to characterize the canonical transformations generated by the SO(2N) and SO(2N + 1) Lie algebras.
The SO(2N + 1) group is embedded into an SO(2N + 2) group. The embedding leads us to an unified formulation of the SO(2N + 1) regular representation in which paired and unpaired modes are treated in an equal way. Define (N+1)×(N+1) matrices A and B as
Imposing the ortho-normalization of the G, matrices A and B satisfy the ortho-normalization condition and then form an SO(2N + 2) matrix G represented as [17] 
which means the ortho-normalization conditions of the N + 1-dimensional HB amplitudes
The matrix G satisfies det G = 1 as is proved easily below
By using (2.17) and (2.15), the matrices A and B can be decomposed as
from which we get the inverse of A, A −1 , as
From (3.15) and (3.16), we obtain a
coset variable with the N+1-th component as
from which the SO(2N + 1) variables q αβ and r α are shown to be just the independent variables of the
coset space. The paired mode q αβ and unpaired mode r α variables in the SO(2N + 1) algebra are unified as the paired variables in the SO(2N + 2) algebra [17] . We denote the (N + 1)-dimension of the matrix Q by the index 0 and use the indices p, q, · · · running over 0 and α, β, · · · .
σ-model on the SO(2N+2)/U(N+1) coset manifold
Let us introduce a (2N + 2) × (N + 1) isometric matrix U by
If one uses the matrix elements of U and U † as the co-ordinates on the manifold SO(2N + 2), a real line element can be defined by a hermitian metric tensor on the manifold. Under the transformation U → VU the metric is invariant. Then the metric tensor defined on the manifold may become singular, due to the fact that one uses too many co-ordinates.
According to Zumino [1] , if A is non-singular, we have relations governing U † U as
where we have used the
coset variable Q (3.17). If we take the matrix elements of Q andQ as the co-ordinates on the
coset manifold, the real line element can be well defined by a hermitian metric tensor on the coset manifold as
We also use the indices r, s, · · · running over 0 and α, β, · · · . The condition that the manifold under consideration is a Kähler manifold is that its complex structure is covariantly constant relative to the Riemann connection: 4) and that it has vanishing torsions. Then, the hermitian metric tensor G pq rs can be locally given through a real scalar function, the Kähler potential, which takes the well-known form 5) and the explicit expression for the components of the metric tensor is given as
Notice that the above function does not determine the Kähler potential K(Q † , Q) uniquely since the metric tensor G pqrs is invariant under transformations of the Kähler potential, (1 + γ 5 )ψ is a left-handed chiral spinor defined through a Majorana spinor. In superspace language the multiplet is written as a chiral superfield:
The most general theory of the supersymmetric σ-model can be constructed from the [N] scalar multiplets φ
The supersymmetry transformations are given by
where ε is the Majorana spinor parameter. Let the Kähler manifold be the
coset manifold and redenote the complex scalar
) and suppose that the spinors ψ
span the fibres. Following Zumino [1] and van Holten et al. [13] , the Lagrangian of a supersymmetric σ-model can be written completely in terms of co-ordinates on the fibre bundle in the following form: 12) and the Kähler covariant derivative is defined as
. The curvature tensors R are given by (4.9) . This form of the Lagrangian has also been derived by Higashijima and Nitta with the use of the Kähler normal co-ordinate expansion of the
. The Lagrangian L chiral (4.12) is manifestly a scalar under the general co-ordinate transformations
on the manifold, provided that the fermion transforms as a vector and the superpotential does as a scalar:
The auxiliary fields H [α] are eliminated through their field equations
14)
The right-handed chiral spinor ψ R is defined as ψ R = Cψ 
Expression for SO(2N+2)/U(N+1) Killing potential
Let us consider an SO(2N + 2) infinitesimal left transformation of an SO(2N + 2) matrix G to G ′ , G ′ = (1 2N +2 + δG)G, by using the first equation of (A.3):
Let us define a
With the aid of (5.1), the Q ′ is calculated infinitesimally as
The Kähler metrics admit a set of holomorphic isometries, the Killing vectors,
, which are the solution of the Killing equation
These isometries define infinitesimal symmetry transformations and are described geometrically by the above Killing vectors which are the generators of infinitesimal co-ordinate transformations keeping the metric invariant: 
Q). The Killing equation (5.3) is the necessary and sufficient condition for an infinitesimal co-ordinate transformation
According to van Holten et al. [2] and using the infinitesimal SO(2N + 2) matrix δG given by the first equation of (A.3), the Killing potential M σ can be written for the coset
where the trace Tr is taken over the (2N + 2)×(2N + 2) matrices, while the trace tr is taken over the (N + 1) × (N + 1) matrices. Let us introduce the (N + 1)-dimensional matrices R(Q; δG), R T (Q; δG) and X by
In (5.4), putting ξ i = 1, we have δQ = R(Q; δG) which is just the Killing vector in the coset space
, and tr of the holomorphic matrix-valued function R T (Q; δG), trR T (Q; δG) = F (Q) is a holomorphic Kähler transformation. Then the Killing potential M σ is given as −iM σ Q,Q; δG = −tr∆ Q,Q; δG ,
From (5.6) and (5.8), we obtain
Using the expression for M σ , equation (5.9), their components are written in the form
It is easily checked that the result (5.9) satisfies the gradient of the real function M σ (5.5).
Of course, putting r = 0 in Q (3.17), the Killing potential M σ in the
coset space leads to the Killing potential M σ in the
coset space obtained by van Holten et al. [2] . To make clear the meaning of the Killing potential, using the (2N + 2)×(N + 1) isometric matrix U (U † U = 1 N +1 ), let us introduce the following (2N + 2)×(2N + 2) matrix:
which satisfies the idempotency relation W 2 = W and is hermitian on the SO(2N + 2) group. W is a natural extension of the generalized density matrix in the SO(2N) CS rep to the SO(2N + 2) CS rep. Since the matrices A and B are represented in terms of Q = (Q pq ) as
then, we have
Substituting (5.13) into (5.10), the Killing potential −i M σ is expressed in terms of the sub-matrices R and K of the generalized density matrix (5.11) as
from which we finally obtain
To our great surprise, the expression for the Killing potential (5.15) just becomes equivalent with the generalized density matrix (5.11).
The expression for the Killing potential M σ is described in terms of the
coset variable Q pq but include an inverse matrix X given by (5.7). The variable Q pq has already been expressed in terms of the variables q αβ and r α through (3.17) . To obtain the concrete expression for the Killing potential in terms of the SO(2N + 1) variables q αβ and r α , we must also represent the inverse matrix in terms of the variables q αβ and r α . Following Ref. [22] , after some algebraic manipulations, the inverse matrix X in (5.7) leads to the form
where each sub-matrix is expressed by the variables q and r as
Then, substituting (3.17) and (5.16) into (5.9) and introducing an auxiliary function λ = rr † −qrr T q † = λ † , we can get the Killing potential M σ expressed in terms of only q, r and 1 + z = 2Z 2 as,
In the above expressions for the Killing potential M σ , each block-matrix is easily verified to satisfy the following identities and relations:
Using these identities and relations, we get compact forms of the Killing potential M σ as,
Let us introduce the gauge covariant derivatives
where A i µ are gauge fields corresponding to local symmetries and g i are coupling constants. They are components of vector multiplets
, with λ i representing the gauginos and D i the real auxiliary fields. With the introduction of the gauge fields in Lagrangian (4.12), via the gauge covariant derivatives (5.27), the σ-model is no longer invariant under the supersymmetry transformations. To restore the supersymmetry, it is necessary to add the terms
where ξ i are Fayet-Ilipoulos parameters. Then the full Lagrangian for this model consists of the usual supersymmetry Yang-Mills part and the chiral part
, we can get a scalar potential
in which a reduced scalar potential arising from the gauging of SU(N + 1)×U(1) including a Fayet-Ilipoulos term with parameter ξ is of special interest:
The new quantities tr (−iM t ) 2 and −iM Y in V redSC are defined below and the trace tr, taken over the N ×N matrix, is used. Then we have
Here we give the proof of the third identity of (5.22) as
(5.33)
By using the same method as the above, we can approximately calculate the quantities r † χχr and tr(rr † ) as
In (5.32), approximating tr(χ), tr(χrr † ), etc. by <χ>, <χ> tr(rr † ), etc., respectively, and using (5.34) and (5.35), tr (−iM σδA ) and tr (−iM σδA ) 2 are computed as
Substituting (5.36) into (5.31), we obtain the final form of the reduced scalar potential as
which is written in terms of the SO(2N +1) parameter Z, the mean value of χ, i.e., <χ>, and the Fayet-Ilipoulos parameter ξ. In order to see the behaviour of the vacuum expectation value of the σ-fields, it is very important to analyze the form of the reduced scalar potential. From the variation of the reduced scalar potential with respect to Z and <χ>, we can obtain the following relations:
Multiplying by 2Z 2 −1 for (5.38 ) and using (5.39), we have a g 2 -independent relation
This relation reads (N + 1)(Z 2 − 1) < χ >= 0, (5.41) from which, since <χ> = 0, we get a very simple solution
This solution just corresponds to the
supersymmetric σ-model since Z 2 = 1. Putting this solution into (5.37), the minimization of the reduced scalar potential with respect to the Fayet-Ilipoulos parameter ξ is realized as follows:
To find a proper solution for the extended supersymmetric σ-model, after rescaling the Goldstone fields Q by a mass parameter, as van Holten et al. did [2, 13] , we also introduce the (N + 1)-dimensional matrices R f (Q f ; δG), R f T (Q f ; δG) and X f in the following forms:
Due to the rescaling, the Killing potential M σ is deformed as
Substituting (5.61) into (5.55), we obtain the f -deformed reduced scalar potential as
Discussions and concluding remarks
In order to find a proper solution for the extended
supersymmetric σ-model, the minimization of the f -deformed reduced scalar potential has been made after rescaling Goldstone fields by a mass parameter. Then the proper solutions for Z 2 and <χ f > (5.67) have been produced. In the course of producing such solutions, the Fayet-Ilipoulos term has made a crucial role. Substituting (5.67) into (5.62), the minimization of the f -deformed reduced scalar potential with respect to the Fayet-Ilipoulos parameter ξ is realized as follows:
Thus we get the minimized f -deformed reduced scalar potential V min f redSC if we choose the Fayet-Ilipoulos parameter ξ to be ξ min . Putting this ξ min into (5.67), we have
Equations (6.1) and (6.2), if f 2 = 1, reduce to (5.43). In this paper, we have given an extended supersymmetric σ-model on the Kähler coset space
, basing on the SO(2N +1) Lie algebra of the fermion operators. Embedding the SO(2N +1) group into an SO(2N +2) group and using the SO(2N+2) U (N+1) coset variables [17] , we have investigated a new aspect of the extended supersymmetric σ-model which has never been seen in the usual supersymmetric σ-model on the Kähler coset space
given by van Holten et al. [2] . We have constructed a Killing potential, the extension of the Killing potential in the
coset space to that in the
coset space. To our great surprise, the Killing potential is equivalent with the generalized density matrix which is a useful tool to study fermion many-body problems. Its diagonal-block part is related to a reduced scalar potential with the Fayet-Ilipoulos term. The reduced and the f -deformed reduced scalar potentials have been optimized in order to see the behaviour of the vacuum expectation value of the σ-model fields. We have got, if f 2 = 1, a simple solution Z 2 = 1 corresponding to the
supersymmetric σ-model and the proper solutions for Z 2 and <χ f >. The Fayet-Ilipoulos term has made an important role to get such solutions.
Finally, we have given bosonization of the SO(2N +2) Lie operators, vacuum functions and differential forms for their bosons expressed in terms of the
coset variables, a U(1) phase and the corresponding Kähler potential. This provides a powerful tool for describing the Goldstone bosons but accompanying fermionic modes in the present model. The effectiveness of
Kähler manifold is expected to open a new field for exploration of low-energy elementary particle physics by the supersymmetric σ-model. .12) and E Using the relations
we get the relations which are valid when operated on functions on the right coset
from which we can derive the expressions (C.1).
B Vacuum function for bosons
We show here that the function Φ 00 (G) in G ∈ SO(2N + 2) corresponds to the free fermion vacuum function in the physical fermion space. Then the Φ 00 (G) must satisfy the conditions
The vacuum function Φ 00 (G) which satisfy (B.1) is given by Φ 00 (G) = [det(Ā)] 1 2 , the proof of which is made easily as follows:
3)
The vacuum functions Φ 00 (G) in G ∈ SO(2N + 1) and Φ 00 (g) in g ∈ SO(2N) satisfy
By using the SO(2N + 2) Lie operators E pq , the expression (2.22) for the SO(2N + 1) WF | G > is converted to a form quite similar to the SO(2N) WF | g > as
where we have used the nilpotency relation (E α0 ) 2 = 0. Equation (B.6) leads to the property U(G)| 0 > = U(G)| 0 >. On the other hand, from (3.15) we get
Then we obtain the vacuum function Φ 00 (G) expressed in terms of the Kähler potential as < 0 |U(G)| 0 > = Φ 00 (G) = det(Ā) coset variables is calculated to be
and its complex conjugate. The Hamiltonian H consists of one-body and two-body operators. From (D.7), we obtain the Euler-Lagrange EOM for the variable Q aṡ
in which a classical Hamiltonian function accompanies additional terms appearing as a classical part of Lagrange multiplier termsk αβ andl αβ to select out a spinor sub-space.Using (D.5), (D.8) is transformed into an EOM for HB amplitudes which involve effects of unpaired modes as well as of paired modes. With the aid of the generalized density matrix (5.11), we thus derive the ETDHB equation in which both modes are treated in a unified way [14, 17, 22] .
